2066 (2nd batch) Solution

Question solution 2066(2™ batch)

Group A(2X10=20)

3/2

Q1 )Find the length of curve y = x™“ from x=0 to x=4.

Solution:

y= )(3/2 0<x<4
dy 3 1p

—_— = =X

dx 2

dy 9

—_— _X

dx 4

L=f04 1+zxdx

= [, (1 + = x)"dx

3
_|(+3)?

-1 3
=X9/4

|+ 9)z — 1]

=% [(10)% — 1]Ans

Q.2) Find critical points of the function f(x)= x**(x-4)
Solution:

F(x)=x**(x-4)
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=XS’./Z+1_4X3/2
=)(5/2_4)(3/2

3 1

FX)=ox? — 45 2x2

5 3 12 1L
=— X2 ——X2

2 2

i 1
=—Xx2 — 6X2
f(x)=0
i 1

or; =-x2—6x2=

therefore critical point=(12,0)

Q.N.3) Does the following series Converge?
o 1 1 1 1

Z —=1+=+=+—5+"

n2 22 32 42
=1

S

Solution: we have the given series

1 1 1
Z—z‘ +§+4—2+---

Let f(n)=1/n’
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= 1
z =) = FO) + D)+ f@D) + )+ f(n)
n=1

f+f f@m)
() +limy_, [, f(n)

. b1
f(1) + limy_,o fl n—zdx
=f(1) +1i [—1]b
=f mye | =],

1+ 1limy e [— % + ﬂ =1+(0+1)
o 1 | | |
Z — < 2, since the sum is less than 2, the series converges.

nz
n=1

Q.N.4) Find the polar equation of the circle (x+2)*+y*=4
Solution:

=(x+2)%+y’=4

=X’ +Ax+4+y°

r’+4rcosf=0

r’=-4rcosO
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r=-4cosB@(Ans)

Q.N.5) Find the area of the parallelogram where vertices are A(0,0), B(7,3),C(9,8)
and D(2,5).

Solution:

|AB| = —i +]

|AD| =i +]
N

=>|AB| x|AD|=|-1 1

1 1
=(-i+))X(-i+))
=1+ 1| = |2]=2

Q.N.6)Evaluate the integral

2t ,t
= j j (sinx + cosx)dxdy
t Jo

2t
= j [—cosx + sinx]idy
t

2t
= j [—cost + cos0 + sint — sin0]dy
t

2t
= j [—cost + sint + 1]dy
t

= [~ycost + ysint + y]?*
= —tcost + tsint +t

Which is the required equation

Q.N.7) Evaluate the limit
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. x% —xy
im ———
y)=0.0)vx — Jy
Solution:

= lim e
(x,y)=(0,0) Vx—/y

o qim AT
(x,y)—(0,0) Vx—y)

lim x(Vx + /y)

(@y)-(0,0)
=0

Q.N.8) Find (3—:) y, z if w=x+y-z+sin t and x+y=t.

Solution:
6(0_2 +asintX6t
ox T o Y ox

2x + cost X1 = 2x + cosifx + y)

Q.N.9) Solve the partial differential equation p+q=x

Solution:

p+g=x

dx dy dz

1 1 1

__dx _dy

B 1

=>x=y—-C1

=S C1 = X = Voo (i)
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dx_dz
1 x

=>x.dx = dz

2
X
=>7 =z+c2

2
(CLC2)=(x —y,~ —2)

Q.N.10) Find the general integral of the linear partial differential equation

z2(xp — yq) = y* — x*

Solution:

z(xp — yq) = y* — x*

2066 (2nd batch) Solution

comparing to the Pp+Qqg=R

P=2x, Q=-y, R=y? — x?
dx dy  dz
zx  —zy y? —x?
dx dy

x  —xy

logx = —logy + C1
Cl=logx + logy

logC1 = logxy

dx+dy _ dz
2(x—y) (x=y)(x+y)
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dx+y) dz
Z B x+y

(x+y)dx+y) =—zdz

(x +y)? 72

=-2 42
> > +C
(C1,C2)=0
(x +y)? z*
<xy,T +5 )= 0

Group B(5X4=20)

Q.N 11)State and proove Rolle’s Theorem.

(Rolle’s Theorem) Suppose f (x) is continuous on [a, b] and dif- ferentiable on
(a,b). Iff(a) =0=1f(b), then there exists a point c € (a, b) such that f0 (c) = 0.

Proof. Suppose f(x) is continuous on [a, b], differentiable on (a, b) and f(a) =

0="f(b). We will prove the theorem using two cases. First, suppose that f (x) >0
for some x € (a, b). Since f (x) is continuous on [a, b], there exists a point c € [a,
b] for which f (c) is the maximum value of f on [a, b]. Furthermore, f (c) >0
impliesc=aand c=b,soc € (a, b)and sof0(c)=0 because f(x)is
differentiable on (a, b).

Now suppose f(x) <0forallx € (a, b). Then either f(x)=0forallx € (a, b) in
which case f 0 (x) =0 forall x € (a, b), or else f (x) < 0 for some x € (a, b). Since f (x)
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is continuous on [a, b], we know that there is a point ¢ € [a, b] for which f (c) is
the minimum value of f (x) on [a, b]. Since f (c) is the minimum on [a, b] and f
(x) <0 forsomex € (a, b), f (c) < 0. Consequently,c=aandc=b,soc € (a, b) and
therefore f0 (c) =0 because f (x) is differentiable on (a, b). This proves the
theorem.

Q.N.12) Find the length of the cardoid r=1+cos8.

Q.N.13)Define unit tangent vector of a differentiable curve.Find the unit
tangent vector of the curve

r(t)=(cos t + tsint)I+(sint-tcos t) t>0

Unit tangent vector of a differentiable curve r (t) is

L dr?
ds & ||
dt
Solution:
here,

(cost + tsint)i+(sint-tcost),t>0

we have,
dr . . ., . ,
V= i (—sint + sint + tcost)i + (cost + tsint — cost)j

|V|=y/(tcost)? + (tsint)? =t

= (cost)i+(sint)j
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Q.N.14)what do you mean by critical point of a function f(x,y)in a region?Find
local extreme values of the function f(x,y)=xy-x*-y*-2x-2y+4.

Solution:

An interior point of the domain of a function f where £ is 0 or undefined is called
point of function f.

flo,y) =xy—x?—y?—2x—2y +4
Here, fx =4 — 2x — 2
fy=x-2y—2

For critical points

fx=0
fy=0
ie; 2x+y=20

orx—2y—2=0
or;x = =2,y = —2
Again,
fxx=-2<0
fyy=-2<0
fxy =1

~ fxx.fyy — fxy?
=-2X —2—(1)?
= 3,whichis >0

=~ the function f(x,y)having local maximum is point(—2.—2)
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Fmax=-2X-2-(-2)%-(-2)?-2X-2-2X-2
=8

critcial point f(x) = 0

f)=0

fGoy) =xy

fx)=y

f)=x

For critical points f(x) =0,f(y) =0

= critical point is(0,0)

Again
fxx=0
fyy =0

o fxx. fyy = (fxy)? = 0.0 — (1) = —1

~ f has local minimum at points (0,0)

Q.N.15)Find a particular integral of the equation:

0%z 9%z _5 )
axz ayz Y7
Solution:

Source: www.csitnepal.com
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0’z 0’z _ ) )
ax2 oy Y7
ie; (D*-D?)z=2y-x°

1

Pl=rs—p7

2y — x?

Group C
Q.N.16) Graph the function y=x*3-4x"3

Solution

4 1
Given equation is y = x3 — 4x3

The first derivative

p d 4 1 1
f (x) = a()ﬂ — 4x3) 4x3

Source: www.csitnepal.com
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4 1 4 2
=§x3—§x3
2
==x 3(x—1

3% 3(x—1)

Solving f'(x) = 0 we get
x = 0 and x = 1 which is critical point
Now

") 4 _z+8 _5
= - 3 — 2
f x 9x 9x

4 5
=3% 2(x + 2)
Solving " (x) = 0 we get
X=0 and x=-2 which is the required point of inflection

The sign pattern of fis:

Sign of %xé * * *
Sign of (>§—1) - - -
Signof f (x) = - - +
o O !

Change in f \ \ /'

For concativity

Sign of %xg: * * *

Sign of (x + 2): - + +

Sign of gxg i . * . *
Concave down Concave up Concave up

Summary

Source: www.csitnepal.com
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conc‘a\@Adown Concavé\qB Concave\s\QA concaveup»

N o \_ _/

Fig:- Graph (Q.N.16)

Q.N.17)What do you mean by Taylor’s Polynomial of order n?Obtain taylor’s
polynomial and Taylor’s series generated by the funcion f(x)=cosx at x=0.

Solution:

The functions & its derivatives are

f(x) = cosx fO)=1
f (x) = —sinx (=0
' (x) = —cosx £(0)=-1
£ (x) = sinx £ ) =0

f20) = (-1

The series has only even power term for n=2k, taylor’s representation is given as:

cosx = f(0) + f'(O)(x —0)+ f 2('0) (x — 0)? +f ;O) (x — 0)3
f4(0) f20) (x — 0)%
+ (x—0)*+-+ 0] + Ry (%)
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2 4 _ 1)k (x) 2k
— 1_%+%—---...... .....+%+Rzk(x)

[Note: even term are 0 since every sinx=sin(0)=0]
Because the derivative of the cosine have absolute values less than or equal to 1,
the remainder estimation theorem with M=1 gives

|x|2k+1

IRz ()] < 1. kT D!

For every value of X, Ry, = 0 as k — oo. Therefore, the series converges to cosx
for every value of x. Thus,

(0]

B (—1)kX2k _ x2 x4— X6
CoSX = ;W— 1 —§+Z—g'-+

Q.N.18)Find the volume of the region D enclosed by the surfaces z=x*+3y’and
7=8-x"-y*

Solution:

Z=x%+3y% e (0)
Z2=8—x%—y% s (WD)
From(i)&(ii)

x? + 3y =8—x%—y?
or; 2x2 +4y2 -8

or; 2y? = 4 — x?
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or; x% + 2y% — 4 v e e o (i)
2

/(4—962)
cy = + i
or;y = + 5
ey — |2 < 2
2 2

Now , to find the points for x-axis.

y=0

4 — x?

=0
2

cx==2. i.e; —2<x<2.
The points of x-axis are(2,0,0) &(-2,0,0)
Then x? plane will be (2,0,4) &(-2,0,4)

2 /4‘;2 g—x2—y2
voume(v) = j J 2 dzdydx
-2J/- /4_; x243y?

[4—x2
2 (45 2 2
j j -8 —2x° —4y“dydx
’4—x
_2 — >

4—x2

2 4y3T
8—2x%—y—— d
[ o2y 5]

2
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’ /(4—962) /(4—962) /(4—x2)
IJZS — — 2x2 — —4 —
3

(4 — x?)

— 2x2 (4_—xZ) ——
2 3

_22
f3\/_(4 x“)2 dx

Put x = 2sinf

dx = 2cos6d6
3
2

16 j%(‘* 4sin®6) 2cosfde
= — — 4 SIn coS
3v2 Jo

3
32 j%(“ 29)2 6do
— COS coS
3v2 Jy
32 %8 4 9de
= — COS
32 0

32 (7 .
=ﬁj0 2(2cos“0) db
. 2
64 (2
ﬁfo (1+cosB) db
Therefore volume= 8v2m

Source: www.csitnepal.com
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-~ volume(v) = 8v2

Q.N.19) Obtain the absolute maximum and minimum values of the function
f(x,y)=2+2x+2y-x*-y? on the triangular plate in the first quadrant bounded by
lines x=0,y=0,y=9-x.

Solution: Since f is differentiable, the only places where can assume these values
are points inside the triangle where f,=f,=0 and points on the boundary .

a) Interior points . For these we have
f=2-2x=0,f,=2-2y=0,
yielding the single point(x,y)=(1,1). The valuable of f there is f(1,1)=4

b) Boundary points. We take the triangle one side at a time.
1)On the segment OA,y=0. The function
f(x,y)=f(x,0)=2+2x-x*
may now be regarded as function of x defined on the closed interval
0<x<9.Its extreme values may occur at the endpoints
x=0 where f(0,0)=2
x=9 where f(9,0)=2+18-81=-61
and at the interior points where f'(x,0)=2-2x=0. The only interior point
where f'(x,0)=0 is x=1, where
f(x,0)=f(1,0)=3
11)On the segment OB,x=0 and
f(x,y0=Ff(0,y)=2+2y-y*
we know from the symmetry of f in x and y and from the analysis we just
carried out that the candidates on this segment are
f(0,0)=2, f(0,9)=-61, f(0,1)=3.
1ii) we have already acounted for the values of f at the endpoints of AB, so
we need only
f(X,y)=2+2x+2(9-X)-x*-(9-X)*= -61 + 18X — 2X°
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setting f'(x,9-X)=18- 4x =0 gives
18 9

4 2
At this value of X,
22

2 2 2

y=9-2 =2 and ey =1 (32) - -2

Summary, We list all the candidates: 4,2,-61,3,-(41/2). The maximum is 4,
which f assumes at(1,1). The minimum is -61 , which f assumes at (0,9) and (9,0).

OR
Q.N.19) Evaluate the integral
1 ~3-3x 3-3x—y
f f J dzdydx
0 Jo 0
Solution:
1 3-3x
= ] j 3—3x—ydydx
0 Jo
1 yz 3—3x
= 3y —3xy —— dx
0 2
(0]
1 (3 — 3x)?
= j 3(3—3x) — 3x(3 — 3x) —de
0
1 , 9 —18x + 9x*
=f9—9x—9x+9x — > dx
0

1 1
=§f 18 — 18x — 18x + 18x2% — 9 + 18x — 9x2%dx
0

1 1
=—f 9x% — 18x + 9 dx
2 0

Source: www.csitnepal.com
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[3x3 — 9x% + 9x]}

[3X1 —9X1% + 9X1]

NW N~, N|-

Q.N.20) Show the solution of the wave equation.

Solution:

) d?u  C%d%u
The wav ion — =——
e wave equatio 2 .2

where C% = —

The solution of equation(i) can be obtained by introducing thwo independent
variables vand z defined by v =x 4+ ctand z = x — ct

Differentiating v w.r.t X

dv_du dv+du dz

dx dv'dx dz dx

B du N du

T dv  dz

Again differentiate w.r. to x

d? (du du) dv D d (du N du) dz
dv\dv ' dz/) dx dz\dv dz)dx
d?u  d* d?v d?u

dvz T dv?z T dzdv + dz?

dv N zd?*u N d?u

dvz dvdz dz?

Again diff uw.r.to t.

Source: www.csitnepal.com
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du_du dv+du dz
dt  dv dt dz dt

=C + % (—o¢)
B cdu cdu
dv dz

d?u [du (du du) dv du (du du) dz ]
dv dz

a2~ “lav\ay "dz)ac Taz at
2[dzu d%u d%u dzu]
C

dv?  dv?z dzdv + dz?

e d?u 2d2u+d2u
B dv? dvdz dz?

Inserting these value in eqgn (i)

We get,

) d?u  2d%u N d?u y d*u h 2d%u N d?u
dv? dvdz dz?| dv?  dvdz dz?
4d?u _ 0
dvdz
d?u B
o dvdz

0......(0)

To get solution integrating partially w.r. to z .

du

o y(v)

Integrating w.r to v
u= [ y@v + 9@

u(x,t) =0w) + ¢(2)

Source: www.csitnepal.com
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= @(x + ct)

+ @(x
— ct)is known as D' Alembart ssoltion of wave equation.

OR

Find a particular integral of the equation(D*-d’)z=Acos(Ix+my) where A,l,m
are constants.

solution;

given equation is (D? — D')z = Acos(lx + my)

Given equation is (D2 — D)z = Acos(lx + MYy) e en v (i)
Let
z = C; cos(Ix + my) + ¢, sin(Ix + my) ... .... (ii) be the solution of (i) where

C; and C, are constant to be determined . then from equation (i) and (ii)
(D% — D) [Cycos(Ix + my) + C, sin(Ix + my)] = Acos(lx + my)

or; D?[Cycos(Ix + my) + Cy sin(Ix + my)]
— D' (€, cos(Ix + my) + C, sin(Ix + my)] = Acos(lx + my)

Ay = D?[Cy cos(Ix +my) + C, sin(Ix + my)]
= D[—Cy sin(lx + my) .l + C, cos(Ix + my) .[]
—Cy1? cos(lx + my) — C,1? sin(lx + my)

B, = D'[C; cos(lx + my) + C, sin(lx + my)]
= —Cymsin(lx + my) + C,mcos(lx + my)

= C,mcos(lx + my) — Cym sin(lx + my)
solution equation (iii) becomes

A — By = Acos(Ix + my)
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=> —C,1? cos(Ix + my) — C,1? sin(Ix + my) — C,m cos(Ix + my)
+ Cymsin(lx + my) = Acos(lx + my)

=> —(Cy1% — C,;m) cosifix + my) + (C;m — C,1?) siniflx + my)
= Acos(Ix + my)

Comparing the coefficient of like terms on the both side

Cim—Cyl2=0.........(v)
From equation(iv)

Cil>?—A
m

C, =
putting C, on equatin (v)

Cim+CLI*+Al>=0

o Al?
- 1= mZ + l4
Am
Now, C; becomes C; = ————

Now, the solution on equation (iii) becomes

Al? Am . .
zZ=-—— cos(Ix + my)-m siniflx + my)
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